Abstract. In this paper we exhibit a similarity between Euclidean Ramsey problems and Knaster-type problems. By borrowing ideas from Ramsey theory we prove weak Knaster properties of non-equatorial triangles in spheres, and of simplices in Euclidean spaces.
Introduction
The Borsuk-Ulam theorem asserts that for every continuous map f :
there is a pair of antipodal points x, −x such that f (x) = f (−x). Hopf [11] extended this, he showed that for any two points x, y ∈ S d and any continuous f :
there is a rotation σ ∈ SO(d + 1) of the sphere such that f (σx) = f (σy). Motivated by these results, Knaster [13] asked whether for every ℓ-tuple of points X = {x 1 , . . . , x ℓ } and every function f : S d+ℓ−2 → R d there is a set Y = {y 1 , . . . , y ℓ } that is isometric to X, and such that f (y 1 ) = · · · = f (y ℓ ). The conjecture was shown to be false for d ≥ 2 from the dimension considerations [19, 2, 4] , while the case of d = 1 remained unsolved until a counterexample was found in [12] (see also [20, Miniature 32] for a simple exposition). This suggests the following conjecture: Conjecture 1.1 (Weak Knaster conjecture). There exists n = n(ℓ, d) such that for any ℓ points X = {x 1 , . . . , x ℓ } on the unit sphere S n−1 and any continuous map f :
there exists a rotation ρ ∈ SO(n) such that f (ρx 1 ) = f (ρx 2 ) = · · · = f (ρx ℓ ).
The only settled cases of the conjecture are n(2, d) = d + 1 (Hopf's theorem), and n(3, 1) = 3 which is a result of Floyd [7] , but neither n(4, 1) nor n(3, 2) are known to be finite.
An analogous phenomenon has been investigated in Euclidean Ramsey theory. A finite point set X is Ramsey if for every integer t there is a D = D(X, t) such that every t-coloring χ : R D → [t] contains a rigid copy of X on which f is constant (or expressed in colorful language, a monochromatic copy of X). It is open which sets are Ramsey, but several classes of sets are known to be Ramsey: triangles [8] , regular m-gons [14] , non-degenerate simplices [9] , trapezoids [15] , and others. The most general result is that of Kříž [14] which asserts that any set X that embeds into a finite set Y with a solvable transitive symmetry group is Ramsey. In fact, the result of Kříž is slightly more general. In a recent work of Leader-Russell-Walters [17] a very appealing conjecture is put forward, which would imply the same for all transitive symmetry groups, solvable or not.
Motivated by these results, we use the idea of embedding a set into an orbit of a group to establish several positive Knaster-type results. A new obstacle compared to Euclidean Ramsey theory is that the only groups that we are currently able to handle are p-tori. A p-torus is a finite group isomorphic to Z α p whose action on S n−1 is induced by a linear orthogonal action on the ambient R n . Our main topological tool is the following result:
is an orbit of an orthogonal action of a p-torus, which is a group G = (Z p ) α . Then for n ≥ d(|G| − 1) + k and for every continuous map f : S n−1 → R d there is an isometric copy of X on which f is constant.
We remark that an analogous result is true for p-tori replaced by general finite p-groups (see [5, Lemma 1] ), but without any explicit bound on n. This extra strength does not appear to be useful in the results that follow.
A suborbit of a group action is a subset of an orbit. In the view of Theorem 1.2, to approach the weak Knaster conjecture we would want to know which sets are suborbits of p-tori.
is called a spherical suborbit of a group G, if X is contained in an orbit of G with respect to some orthogonal action of G on a sphere of possibly larger dimension S n−1 containing an isometric copy of S k−1 in the standard way. If G = Z α p is a p-torus, then we simply say that X is spherical sub-p-toral. One can weaken Knaster's conjecture even further by considering the maps not from S n−1 , but from all of R n . This case is more analogous to the problems studied in Euclidean Ramsey theory (but see [10] and [21] ). In this setting we can consider more general suborbits:
k is called a Euclidean suborbit of a group G, if X is contained in an orbit of G with respect to some action of G on R n by isometries for some n ≥ k. If G = Z α p is a p-torus, then we simply say that X is Euclidean sub-p-toral. Unfortunately, not every set is a suborbit. Leader-Russell-Walters [16] showed the following negative result (see also [6] for a higher-dimensional generalization):
Theorem (Leader-Russell-Walters). There exists a four-point set on S 1 that is not a Euclidean suborbit of any finite group action.
We adapt their argument to establish similar results for spherical suborbits, showing in effect that this approach will not solve the weak Knaster conjecture even for three points. Theorem 1.5. There exists a three-point set on S 1 that is not a spherical suborbit of any finite group action.
This means that the suborbit approach to the weak Knaster conjecture fails in general. Still, some particular cases may deserve further investigation, which we do in the subsequent sections.
Dvoretzky's theorem and suborbits
It is known (see [22] ) that the Knaster problem is related to the Dvoretzky theorem. The original Knaster conjecture would imply the Dvoretzky theorem with good estimates on the dimension of the almost spherical section. The weak Knaster conjecture could also give some reasonable results for the Dvoretzky theorem.
In view of Theorem 1.2, it would be interesting to solve the following problem with good estimates on n and |G| in terms of k and ε: Problem 2.1. For any k and ε > 0 find an orthogonal action of a p-torus G on S n−1 and a point v ∈ S n−1 such that the isometrically included S k−1 ⊂ S n−1 is contained in the ε-neighborhood of the orbit Gv.
We may rephrase it as follows: Can S k−1 be ε-approximated by a spherical sub-p-toral set for any ε > 0?
Unfortunately, Problem 2.1 also has a negative solution. In fact, it is not clear how to deduce the Dvoretzky theorem from a positive solution to Problem 2.1 if it were true; in the standard proofs (see [23] or [18] , for example) there remain some subtleties needed to control the Lipschitz constant through the estimation of the average norm. We also refer the reader to [3] , where some other topological approaches to the Dvoretzky theorem are also shown to fail.
To start investigating this problem, note that any orthogonal action of a p-torus (or any other abelian group) G on R n is an orthogonal sum of at most 2-dimensional irreducible representations. One simple way to see this is to observe that this action is diagonalizable after complexification to C n and then produce an at most two-dimensional G-invariant subspace in R n for every eigenvector of this action in C n . The two-dimensional irreducible representations of G only occur when p is odd and then the group G keeps orientations on them. If some of the G-invariant subspaces have dimension 1 (and p = 2) then we ⊕-add the same representation to R n (since we are free to increase the dimension in this problem) and again obtain a two-dimensional Ginvariant subspace with action of G keeping the orientation. Finally, the whole R n can be assumed to be split into two-dimensional G-invariant subspaces with G-action keeping the orientation, that is the action of G can be extended to the action of the torus T n , which rotates every two-dimensional G-invariant subspace independently.
This means that in Problem 2.1 it is sufficient to consider the standard action of the (honest) torus T n , in place of G, on C n ≃ R 2n and its corresponding unit sphere S 2n−1 . After these preparations we observe the following: Theorem 2.2. There exists ε > 0 with the following property: For any 3-dimensional linear subspace L ⊆ R 2n its sphere of unit vectors S(L) is not contained in an ε-neighborhood of any orbit T n x ⊂ R 2n . Consequently Problem 2.1 has a negative solution for k ≥ 3.
Lemma 2.3. Suppose r and c are non-negative real numbers, and t is a random variable uniformly distributed on the interval
Proof. As
Proof of theorem 2.2. It is natural to identify R 2n with C n . Then the action of T n will be by multiplying all the coordinates by complex numbers of unit norm. So an orbit is defined by the relations
and the squared distance to an orbit is given by:
Assume that L is an image of an R-linear map λ : R 3 → C n with coordinates λ i : R 3 → C. The map λ i has a non-trivial kernel. Let e i ∈ R 3 be a unit vector such that λ i (e i ) = 0. Our next step is to show that if v is a vector chosen uniformly on S 2 , then λ(v) is far from T nc . For every i the vector v can be represented as follows. First pick a vector u i uniformly on the equatorial circle perpendicular to e i , and then pick a real number t i uniformly at random from [−1, 1]. Then set v = t i · e i + 1 − t Archimedes [1] on the surface area of sections of a sphere by parallel planes, the resulting vector v is uniformly distributed on S 2 . We shall think of the random variables t i and u i as defined on the same probability space, coupled by the common value of u. From linearity of expectation and by the preceding lemma we deduce
since λ(v) has norm 1. Hence, no matter whatc is, there is a point in the image of λ that is at distance at least 1/4 from T nc .
Remark 2.4. It follows that sufficiently dense subsets of S 2 are not spherical suborbits of commutative group actions and cannot be approximated by spherical suborbits of commutative group actions. Indeed, if a finite set X ⊂ S 2 is such that S 2 is in the ε-neighborhood of X and X is in the ε-neighborhood of an orbit Gv (for an abelian G after some isometric inclusion S 2 ⊂ R N ) then S 2 is in the 2ε-neighborhood of this orbit, which contradicts Theorem 2.2.
Remark 2.5. In [21, Proposition 2.3] it is proved that any S k can be ε-approximated by a suborbit of the standard coordinate-wise action of the symmetric group Σ n on S n−1 with sufficiently large n = n(k, ε). Problem 2.6. What about suborbits of p-groups in Problem 2.1? Can the proof in [21] be modified to produce a p-group instead of Σ n ? Note that in [5] the following result was established during the proof of [5, Theorem 1]: There exists n = 2 ℓ depending on k and d, and a k-dimensional subspace L ⊆ R n with the following property: any G-invariant
n , the 2-group generated by reflections and 2-Sylow permutations of coordinates. Does it follow that such S(L) is close to a G-orbit in R n ?
Remark 2.7. Note that orbits of nonabelian p-groups are not so useful in the Dvoretzky theorem as orbits of p-tori because in the corresponding version of Theorem 1.2 no explicit formula for n is known so far, see the discussion in [5] .
Euclidean suborbits and the Euclidean Knaster problem
In this section we consider Euclidean suborbits, as in the Ramsey-type problems. Informally, their difference from spherical suborbits is that, after possibly increasing the dimension, we are free to choose any origin of the group action. The following argument is a minor adaptation of Frankl-Rödl's argument from [8, 9] . Proof. If X is an orbit of a p-torus G 1 in its representation V 1 and Y is an orbit of a ptorus G 2 in its representation V 2 , then there is an obvious componentwise G 1 × G 2 -action on V 1 × V 2 with orbit X × Y . Passing to suborbits is obvious. Lemma 3.2. If X is Euclidean sub-p-toral, then so is X × {0, t}.
Proof. Let
Proof. Let α ′ > α be any of the special angles in Lemma 3.3. Let ABC be an isosceles triangle with angle α ′ . Let the base be BC. Consider the Cartesian product of ABC with {0, t}. The three points (A, t), (B, 0), (C, 0) form an isosceles triangle whose angle varies from α ′ to 0 as t varies from 0 to +∞. Hence, there is a t such that the angle is α. The result now follows from Lemma 3.2.
Theorem 3.5. Every triangle is Euclidean sub-p-toral for all sufficiently large primes p.
Proof. Consider an isosceles triangle ABC with base BC from Lemma 3.4. Consider the product of ABC with {0, t}. The three points (A, 0), (B, t), (C, 0) form any triangle one desires, see the details in [8] .
The proof that all simplices are Euclidean sub-p-toral is similar, if one follows the idea from the follow-up paper of Frankl-Rödl [9] : Lemma 3.6. For ε > 0, a positive integer m, and a sufficiently large prime p ≥ p 0 (ε, m) there is a Euclidean sub-p-toral set B = {b 1 , ..., b m } such that | dist(b i , b j ) − |i − j|| < ε for every pair {i, j}.
Proof. We may take B to be m consecutive points of a regular p-gon. Theorem 3.7. For every δ > 0, every set A = {a 1 , ..., a m } ⊂ R n , and sufficiently large prime p ≥ p 0 (A, δ) there is a Euclidean sub-p-toral set S = {s 1 , ..., s m } in R N of possibly larger dimension such that dist(a i , s i ) < δ for all i. Lemma 3.8. Let S = {s 0 , . . . , s n } be a regular simplex in R n . There exists δ > 0 with the following property: Any subset A = {a 0 , . . . , a n } ⊂ R n such that dist(a i , s i ) < δ for any i is Euclidean sub-p-toral for primes p ≥ 2.
Proof. Without loss of generality assume
Proof. By [9, Lemma 3.1], for small enough δ, any A that is δ-close to the regular simplex S is isometric to a subset of vertices of certain "brick" {0,
. A brick is Euclidean sub-p-toral for every p ≥ 2 by Lemma 3.2.
Finally, like in [9, Theorem 5.1] we conclude: Theorem 3.9. Any affinely independent set A ⊂ R n is Euclidean sub-p-toral for sufficiently large p ≥ p 0 (A).
Proof. Following [9, Theorem 5.1], we observe that A can be isometrically embedded into a product of an almost regular simplex S 1 and a simplex S 2 that approximates A by Lemma 3.7.
Also, note that the result of Theorem 3.9 is almost in contradiction with Theorem 2.2. It is a consequence of the difference between Euclidean and spherical suborbits. Still, we are able to produce a Knaster-like consequence of Theorem 3.9:
Theorem 3.10. Assume X is an affinely independent subset of R k and d is a positive integer. Then there exists n = n(X, d) such that for any continuous map f :
Proof. By Theorem 3.9, after increasing the dimension k and the set X we may assume that X ⊂ R k is an orbit of a linear G-action on R k , where G is a p-torus with |G| = |X| = q = p α . Now we can embed R k into R n so that n−k ≥ d(q −1) and let G act on the complement R n−k trivially. Obviously, the G-orbit X must lie on a sphere S n−1 centered at the origin and we may apply Theorem 1.2 to X and f | S n−1 . For completeness, we outline the rest of the proof below, which is also a proof for Theorem 1.2.
For a given R n with a continuous map f : R n → R d , consider all possible isometric images of the set X in R n with mass center (and the center of the action of G) at the origin. The configuration space C of all possible images X ′ = ϕ(X) is isomorphic to the Stiefel manifold V n,k , that is the space of all orthonormal k-frames in R n , since every isometric embedding of X can be uniquely extended to an isometric embedding of its linear span. This space C has the obvious action of G by permuting the points of X, that is composing the isometry ϕ ∈ C with g −1 from the right for any g ∈ G. The crucial thing about the Stiefel manifold V n,k is that it is (n − k − 1)-connected, indeed, adding the frame vectors one by one we represent it as an iterated bundle with all fibers spheres of dimension at least n − k. Now construct the G-equivariant map
by sending X ′ = ϕ(X) ∈ C to the q-tuple {f (ϕ(x))} x∈X . Using the standard Borsuk-Ulam-type argument for a p-torus G (see [24] , for example) and the connectivity of C, we conclude that for n − k ≥ d(q − 1)f must map some X ′ ∈ C to the G-invariant part of the representation (R d ) q , which is the d-fold direct sum of the group algebra R[G] with itself. The invariant part of the group algebra R[G] is one-dimensional and consists of constant functions on G. So we obtain that the map f is constant on some X ′ .
Three-point suborbits on the sphere
In this section we return to spherical p-toral suborbits and study three-point subsets X ⊂ S 2 .
Theorem 4.1. Let X be a three-point subset of S 2 .
(1) If the affine span of X does not contain the origin then X is spherical sub-p-toral for all sufficiently large primes p. (2) If X ⊂ S 1 then X is spherical sub-p-toral if and only if either X is a right-angled triangle, or X is a suborbit of the standard Z p action on the circle for some p.
From this theorem and Theorem 1.2 we immediately obtain the following Knaster-type result:
Corollary 4.2. For any three-point set X ⊂ S 2 , whose affine span does not contain the origin, and a positive integer d there exists N = n(X) + d(q(X) − 1) with the following property: If f : S N −1 → R d is a continuous map then for some isometric copy
Proof of Theorem 4.1. For the purpose of this proof a "triangle" is just a triple of points. We allow some of the points to be equal (these are degenerate triangles). To each triangle ABC we associate a triple (X, Y, Z) where
2 . Let Σ be the set of the triples that correspond to the triangles with circumradius equal to 1. Let R = conv({0} ∪ Σ). The triples in R correspond to the triangles with circumradius at most 1. We shall abuse the notation and identify elements of R with corresponding triangles.
The topological boundary of R consists of a union of Σ and three line segments respectively. Suppose further that λ 1 , λ 2 ∈ R satisfy λ
The triangle (A, B, C) lies on the sphere S k 1 +k 2 −1 , and is a suborbit of the natural action of Z
p . We see that the triple of squares of the side-lengths (
2 ) with coefficients λ 2 1 and λ 2 2 . As λ 1 , λ 2 were arbitrary, it follows that the set of spherical subp-toral triangles is indeed a convex subset of R. We note that the same argument shows that R itself is convex.
We are ready to prove part (1) of the theorem. Let P = (X, Y, Z) ∈ R be an interior point of R. We claim that for all sufficiently large p, the point P is in conv({0} ∪ Σ p ). Indeed, we can pick four rays emanating from P , not all four in the same halfspace. Let P 1 , . . . , P 4 be the intersections of these rays with Σ. Then P is contained in the interior of conv{P 1 , . . . , P 4 }. As the points of Σ p are getting denser and denser in Σ, if p is large, there are points P ′ 1 , . . . , P ′ 4 ∈ Σ p approximating P 1 , . . . , P 4 ∈ Σ such that P ∈ conv{P ′ 1 , . . . , P ′ 4 }. As every non-degenerate triangle of circumradius strictly less than 1 is in the interior of R, part (1) follows.
The proof of part (2) relies on the reversal of the argument above. Every action of Z n p decomposes into the product of two-dimensional actions as in proof of Theorem 2.2. Therefore, every orbit of Z n p is of the form a 1 S 1 ⊕ · · · ⊕ a n S n where S 1 , . . . , S n are regular p-gons, and a
. In other words, R p = conv({0} ∪ Σ p ) is precisely the set of all spherical sub-p-toral sets.
It thus remains to explicitly describe the set R p ∩ Σ. This step hinges on an explicit formula for Σ. It is easy to show from the formula for the circumradius of a triangle, that all the points (X, Y, Z) of Σ satisfy the relation (4.1)
A point P may belong to R p ∩ Σ only if P ∈ Σ p or P is in a convex hull of several points of Σ distinct from P . Since R is convex, the latter might happen only if P lies on a line segment that is wholly contained in Σ. Let V be the algebraic variety defined by the equation (4.1). As Σ ⊂ V , a line segment on Σ belongs to a line on V . As XY Z is the only cubic term of (4.1) it follows that every line on V is parallel to one of the coordinate planes. Pick such a line, and assume without loss of generality that X = X 0 on the line. Then (4.1) after some transformations reads:
and we conclude that the only cases when a straight line satisfies this is X 0 = 0 and Y = Z, or X 0 = 4 and Y + Z = 4. The former case corresponds to the degenerate triangles consisting of two points. The latter case corresponds to the right-angled triangles inscribed into S 1 . As the right-angled triangles are suborbits of a Z 2 2 action, the proof of (2) is complete.
Remark 4.3. Certain steps of the previous proof can be repeated for the general case of n-element sub-p-toral sets. They decompose as "direct sums" of two-dimensional Z p orbits. All n-element subsets of unit spheres are naturally parameterized by the n × n positive semidefinite symmetric matrices with 1's on the diagonal, that is Gram matrices. Call this convex set of matrices R n . Subsets of S 1 then correspond to the set Σ n ⊂ R n of positive semidefinite matrices of rank at most 2. Again, for every prime p there is a finite set Σ n p corresponding to suborbits of Z p on the circle S 1 , possibly degenerate. We observe that the sub-p-toral n-tuples correspond to conv Σ n p . For n > 3, the set Σ n is no more equal to "almost the boundary" of R n and even the set conv Σ n may not coincide with the whole R n . In fact, Theorem 2.2 implies that for large n the set conv Σ n will not coincide with R n .
Finally, we prove Theorem 1.5 about three-point suborbits of arbitrary groups.
Proof of Theorem 1.5. Say that a triple of distinct points A, B, C ∈ S 1 has parameters (a, b, c) if the linear relation aA + bB + cC = 0 holds true. These parameters are defined up to rescaling. Suppose B = gA and C = hA where g, h are elements of a finite group acting on an ambient S N ⊇ S 1 . Since every representation of a finite group is equivalent to the matrix representation with algebraic entries, it follows that B = GA and C = HA for some algebraic matrices G and H. Then (aI + bG + cH)A = 0, which implies that det(aI + bG + cH) = 0. This is a polynomial equation in a, b, c, evidently nondegenerate. The set of triples (a, b, c) such that there is a triple A, B, C ∈ S 1 with parameters (a, b, c) is 3-dimensional, whereas this polynomial defines a surface. Since there are only countably many possible groups of symmetry and their representations, it follows that almost every triple in S 1 is not a suborbit of a finite group action on an ambient S N ⊇ S 1 .
